Abstract. We state and check the analogue of Faber's conjectures for the tautological ring of the moduli spaces M g,n of npointed smooth curves of genus g.
Introduction
Let M g,n be the moduli space of stable curves of genus g with n marked points. We consider tautological classes on M g,n by following [AC1] . Indeed, let π n+1 : M g,n+1 → M g,n be the morphism forgetting the last marked point. Denote by σ 1 , . . . , σ n the canonical sections of π n+1 , and by D 1 , . . . , D n the divisors in M g,n+1 they define. We let ω π n+1 be the relative dualizing sheaf and we set
The classes κ i andκ i are related as
Let now M g,n ⊂ M g,n be the moduli space of smooth curves.
is the subring of the rational Chow ring A * (M g,n ) generated by the images of the classes ψ 1 , . . . , ψ n andκ i under the restriction map
The following statement is just the natural extension of classical Faber's conjectures (see [Fab] for the original case n = 0 and [Yin] , sections 3.1 and 3.2, for the case n = 1).
is generated byκ 1 , . . . ,κ ⌊g/3⌋ and by ψ 1 , . . . , ψ n . There are no relations among these classes in codimension ≤ ⌊g/3⌋.
We point out that for n > 1 the ring R * (M g,n ) cannot be Gorenstein with socle in codimension g − 1, simply because in this case we have
We remark that part (i) is already well-known to the experts. Indeed, the vanishing R i (M g,n ) = 0 for i > g − 1 is usually referred to as Getzler's conjecture or Ionel's theorem (see for instance [GV] , §5.2 on pp. 29-30) and it turns out to be a direct consequence of Theorem ⋆ by Graber e Vakil (see [GV] , Theorem 1.1). On the other hand, the second statement of (i) was conjectured by Dimitri Zvonkine in the unpublished note [Zvo] and then proven by Alexandr Buryak in the online manuscript [Bur] .
We are grateful to Eduard Looijenga, Rahul Pandharipande and Sergey Shadrin for crucial remarks on a previous version of this note.
We work over the complex field C.
Proof of part (ii)
From Definition 1.1 and the vanishing R i (M g,n ) = 0 for i > g − 1 in Theorem 1.2 (i), it follows that the tautological ring is additively generated by monomials
f j j satisfying n i=1 e i + j≥0 jf j < g (cf. [FP] , Proposition 2). We also point out the following easy fact. 
By restriction to the open part M g,n+1 we get
Proposition 2.2. The ring R * (M g,n ) is generated byκ 1 , . . . ,κ ⌊g/3⌋ and by ψ 1 , . . . , ψ n .
Proof. As in the proof of [Ion] , Theorem 1.5, it is enough to show that
for every a ≥ ⌊g/3⌋, where p denotes a polynomial. In order to do so, we consider the forgetful map π : M g,n → M g and via Lemma 2.1 we reduce ourselves to the case of M g , whereκ a = κ a by (1) and the proof of [Ion] , Theorem 1.5, applies. Namely,
Proposition 2.3. There are no relations amongκ 1 , . . . ,κ ⌊g/3⌋ , ψ 1 , . . . , ψ n in degree up to ⌊g/3⌋.
Proof. From the work of Boldsen [Bol] it follows that
in degree up to ⌊g/3⌋. On the other hand, by a theorem of Looijenga ([Loo] , see also [ACG] , §19, Theorem (5.5) on p. 684) we have
in the stable range. Hence we have A * (M g,n ) ⊗ Q ∼ = H * (M g,n , Q) ∼ = Q[κ 1 , . . . , κ ⌊g/3⌋ , ψ 1 , . . . , ψ n ] ∼ = Q[κ 1 , . . . ,κ ⌊g/3⌋ , ψ 1 , . . . , ψ n ] in degree up to ⌊g/3⌋.
